Metrizability is an extremely strong property where trees are concerned, and it turns out that in many ways, monotone normality is the appropriate generalization when the trees have uncountable chains. We show that monotone normality is equivalent to the tree being the topological direct sum of ordinal spaces, each of which is a convex chain in the tree. Several metrization theorems are proven, some in ZFC, some just assuming ZF or "ZF + Countable AC", and still others assuming ZFCindependent axioms, as well as theorems in a similar spirit with monotone normality of the tree as a conclusion. The property of being collectionwise Hausdorff plays a key role, and we obtain partial results on the still unsolved problems of whether it is consistent that every collectionwise Hausdorff tree or every normal tree is monotone normal.
Basic concepts and elementary metrization theorems
This article is one in a series of follow-ups to a survey on trees and various topologies one can put on them [18] . We will only be concerned with the interval topology, sometimes referred to simply as "the tree topology", and with the topologically most trivial classes of trees that are Hausdorff in this topology. We begin by recalling some standard definitions.
Definition 1.1.
A tree is a partially ordered set in which the predecessors of any element are well-ordered. (Given two elements x < y of a poset, we say x is a predecessor of y and y is a successor of x.) 6 Research partially supported by NSF Grant DMS-9322613. 1 Email: nyikos@math.sc.edu.
Actually, the following formulation of this definition is more convenient for our purposes: the base is all sets of the form [s, t] where s is not on a limit level, where we use the usual convention that [t, t] = {t} and, of course, [s, t] = {x ∈ T : s x t}.
It is easy to see that every tree is locally compact in the interval topology, and is Hausdorff (hence Tychonoff, and 0-dimensional) iff every chain that is bounded above has a unique supremum.
Henceforth, "tree" will mean "a tree that is Hausdorff in the interval topology", and all topological statements about trees will refer to the interval topology.
Definition 1.7.
A tree is special if it is a countable union of antichains. A tree is Souslin if it is uncountable and every chain and antichain is countable. A tree is Aronszajn if it is uncountable while every chain is countable and every level T (α) is countable. An ω 1 -tree is a tree of height ω 1 in which every level is countable.
One of the most useful and obvious facts about the interval topology is that every antichain is a closed discrete subspace. Also:
Theorem 1.8. Let X be a subset of a tree T . The following are equivalent: (i) X is a countable union of antichains.
(ii) X is σ -discrete, i.e., it is a countable union of closed discrete subspaces. Thus, in particular, every special tree is a countable union of closed discrete subspaces. This clearly implies every chain is countable, and it also easily implies that each special tree is developable [12, 21] .
Proof. (ii)
The following concepts will play a key role in this paper. Definition 1.9. Given a faithfully indexed family S = {S α : α ∈ A} of disjoint subsets of a set X, an expansion of S is a family {U α : α ∈ A} such that U α ∩ S = S α for all α ∈ A. A space X is [strongly] collectionwise Hausdorff (often abbreviated [s]cwH) if every closed discrete subspace expands to a disjoint [respectively discrete] collection of open sets. A space X is collectionwise normal (often abbreviated cwn) if every discrete collection of closed sets expands to a disjoint (equivalently, discrete) collection of open sets.
The following theorem extends Theorem 1.8; note the similarity in the proofs. (
1) T is cwH. (2) Every antichain of T expands to a disjoint collection of open sets. (3) T is hereditarily cwH.
Proof.
(1) ⇒ (2) Every antichain is a closed discrete subspace.
(2) ⇒ (3) It is enough to show that every discrete subspace extends to a disjoint family of open sets; this is equivalent to being hereditarily cwH for any space.
Let D be a discrete subspace of T . For each n ∈ ω let D n = D n be as in the proof of Theorem 1.8. For a limit ordinal α let
For each α for which D α is defined, let D α+1 be the set of minimal members of D \ ( { D β : β α}). Note that D α ⊂ D except when α is a limit ordinal, in which case 
The following is a significant strengthening of the cwH property in general; but in the case of trees, it is not known whether ZFC is enough to imply it is strictly stronger than the cwH property; see Problem 5.1.
Definition 1.11.
A space X is monotone normal (or: monotonically normal) if to each pair G, x where G is an open set and x ∈ G, it is possible to assign an open set G x such that
The foregoing is actually a characterization due to Borges [4] which is very well adapted to our purposes. The usual definition (see comment following Definition 2.1 below) motivates the name "monotone normal" much better.
Monotone normality is a very strong property. It is hereditary, and it implies both collectionwise normality and countable paracompactness. Monotone normality also imposes a very strong structure on a tree with the interval topology: it is equivalent to the tree being orderable, and even to being a topological direct sum of copies of ordinal spaces. This rules out such well-known examples as Aronszajn trees and the Cantor tree.
We will see proofs of these and other characterizations of monotone normal trees in Section 2.
Paracompactness is even more restrictive for trees. It is a well-known elementary fact (cf. [7] ) that locally compact, paracompact, zero-dimensional spaces are the topological direct sum of compact clopen subspaces. Hence, a tree is easily seen to be paracompact if, and only if, it is a topological direct sum of compact spaces, each homeomorphic to an ordinal. It easily follows from the remarks above that they are orderable, hence monotone normal. Also, the following becomes trivial: Theorem 1.12. The following are equivalent for a tree T :
(1) T is hereditarily paracompact. Remarks. This theorem and its proof are formulated in anticipation of Section 4, where we will try to get by with as little in addition to ZF as possible. It is clear from the remarks following Definition 1.11 that (1) can be strengthened to read: (1 + ) T is monotone normal, and every chain is countable. Also, in Section 3, we will show how MA ω 1 and another axiom ( ‡) are each enough to strengthen it further to: (3 + ) T is cwH and every chain is countable. This is not a ZFC result since every Souslin tree is collectionwise normal; in particular, the fact that every Souslin tree is cwH follows readily from Theorem 1.10 and the trivial fact that every countable tree is metrizable.
Proof of Theorem 1.13. (1) ⇒ (2) It is a well-known fact that every monotone normal space is strongly cwH. Indeed, given a closed discrete subspace D we let W (d) = X \ (D \ {d}) and then it is easy to show that
(2) trivially implies (3). (3) ⇒ (4) Let T = {D n : n ∈ ω} where each D n is an antichain. For each n let W n be a disjoint expansion of D n into countable open sets. For each x ∈ T let A(x) be the set of all points of T that are chained to x by the cover W = {W n : n ∈ ω}. Then each A(x) is countable and clopen, and can be partitioned into clopen intervals of the form [a, b] by an easy ω-length induction. This partitions T into compact, metrizable subsets, and AC can be used to produce a metric on T as a whole.
(4) ⇒ (1) Monotone normality is easy: given an open set U and x ∈ U , one lets U x = B(x, ε/2) where ε is the greatest real number r for which the basic open set B(x, ε) is a subset of U . It is easy to see that this choice of U x works. Specialness follows from the facts that metrizable spaces are developable and developable trees are special.
Only the fact that (3) implies (4) used the Axiom of Choice. It is easy to use a metric to produce a development without any use of AC. Also, in the proof that developable trees are special in [21] , each special tree is shown to be the union of explicitly defined sets E n , each of which is a tree of height at most ω. Letting
we express T as the union of antichains indexed by ω × ω, which is countable in ZF.
We will see in Section 4 how to minimize the use of AC in obtaining metrizability. It turns out that monotone normal special trees are metrizable just assuming ZF, while ZF + Countable AC is enough to get all of Theorem 1.13 to hold. Countable AC is the axiom that any family of countably many sets has a choice set, and will be used in only one place: to choose disjoint open expansions of each of countably many antichains. The collectionwise Hausdorff property does not, after all, give us just one expansion for each closed discrete space. Where monotone normality is concerned, on the other hand, there is a "canonical" expansion as can be seen from the proof that (1) implies (2) above. And so with monotone normal special trees, we will be able to get by just with the assumption of (a modest fragment of) ZF.
Characterizations of monotone normality
As we shall see in this section, monotone normality is a very strong property in trees. For one thing, it implies a pair of much stronger concepts very similar to it. 
A space X is monotone ultranormal if there is a function U(E, F ) defined on pairs of disjoint closed sets E, F such that:
(
If one substitutes "open" for "clopen" in the definition of monotone ultranormality, one obtains the usual definition of monotone normality; however, we will continue to work with Definition 1.11. Of course, every monotone ultranormal space is monotone normal and so is every ultra-monotone normal space. The following result is due to my student Iwasa and is included here with his permission. Theorem 2.2. Every T 1 ultra-monotone normal space is monotone ultranormal.
Proof. Let notation be as in the definition of "ultra-monotone normal". For a pair of nonempty disjoint closed subsets E and F , let
Condition (3) in the definition of "monotone ultranormal" is clearly satisfied, and (2) follows just from the monotone normality Definition 1.11 in [4] . As for (1), it is clear
there is an open set V so that Two other characterizations of monotone normal trees are given in the following two definitions. Definition 2.4. Let Λ denote the class of limit ordinals. A tree T has Property δ if there exists a function f : T Λ → T such that f (t) < t for all t ∈ T Λ, and such that if Here are some trivial and useful facts about convex sets: Lemma 2.7. Let T be a tree.
(1) The closure of a convex set is convex.
(2) The set of all immediate successors of the members of a closed convex set K that are not in K itself, is an antichain.
The following theorem, except for (1), was proven for ω 1 -trees in [9] :
Theorem 2.8. Let T be a tree. The following are equivalent.
) T is the topological direct sum of totally ordered subspaces, each homeomorphic to an ordinal and each convex in T . (6) T is orderable. (7)
The neighborhoods of the diagonal in T 2 constitute a uniformity.
Proof. The first two implications are trivial.
is on a successor level. For each x ∈ T Λ, let P (x) = {y: y is chained to x by G}. Then {P (x): x ∈ G} is a partition of G into open sets, and the complement of G is a family of isolated points. So we will be done as soon as we show each P (x) is homeomorphic to an ordinal, and is a chain. In fact, it is enough to show that each P (x) is a chain, since it is clearly a convex subset of T , and this makes the relative topology on P (x) the same as the ordinal topology. Now P (x) is the union of the sets St n (x, G)(n ∈ ω) where, as usual,
is not totally ordered, there exist s and t such that
is not, then we consider two cases:
is not a chain. In this case, let t ∈ C be such that s and t are incomparable. Then clearly s and t have a greatest lower bound m in C, and m ∈ [f (s), s], but if c ∈ C and c > m, then c is incomparable to s, otherwise the status of m as the greatest lower bound of s and t is violated. So now there exists t ∈ C such that m ∈ [f (t ), t ) and yet t and s are incomparable, violating Property δ.
, s] is a chain. Whenever this happens, either f (s) c for all c ∈ C, or c s for all c ∈ C but both cannot happen for the same s since C = St n (x, G). Now if s and t are incomparable members of St n+1 (x, G), then this fact, and the fact that we are in Case 2, leads to the conclusion that c s and c t for all c ∈ C.
Then both [f (s), s] and [f (t), t] contain terminal segments of C and hence they meet, violating Property δ.
(5) ⇒ (6) We can order the summands linearly, and the following method produces agreement with the order topology. First, if there are any compact summands, we put them first, in any order if there are finitely many, in order type Z − if there are denumerably many, and otherwise in an order type which begins with copies of Z laid in order, followed at the end by an order type Z − . Now we pair off the noncompact summands, putting the members of each pair end to end with the first one in its natural well-order and the other in reverse well-order. We order the pairs of noncompact summands in the same way we ordered the compact ones; if one is left over, let it be put at the upper end in its natural well-order. The noncompact summands thus follow the compact ones, and no endpoint of a summand is either the infimum or the supremum of points in the other summands.
(5) ⇒ (1) It is enough to show that each ordinal is ultra-monotone normal, since a topological direct sum of ultra-monotone normal spaces is easily seen to be ultra-monotone
Finally, the fact that (6) implies both (2) and (7) is well known for spaces in general [9] , and the fact that (7) implies (4) was shown in [9] .
Incidentally, the proof that (4) implies (5) also makes it possible to redefine the f of Property δ in such a way that
in addition to either s t or t s: since each P (x) is convex and clopen in T , we need only make f (x) be the least element of P (x). Corollary 2.9. The following are equivalent for a tree T :
(1) T is monotone normal, and every chain in T is countable.
Proof. This is immediate from (5) of Theorem 2.8, and the following facts: a topological direct sum of metrizable spaces is metrizable; every countable ordinal is metrizable; and no uncountable ordinal is metrizable.
Example 2.10. Let α be an ordinal and let κ be a cardinal. The weak κ-ary tree of height α is the set of all ϕ : ξ → κ such that ξ < α and all but finitely many terms ϕ(η) are 0. This space is monotone normal: if ϕ is not identically zero, we can define f (ϕ) to be the restriction of ϕ to η + 1 where ϕ(η) is the last nonzero term of ϕ, while f (ϕ) = ∅ if ϕ is identically zero. Todorčević has shown that if T is a tree of height ω 1 in which each level is countable, then T is monotone normal if, and only if, it embeds in the weak binary tree of height ω 1 . A corollary of this is that no Aronszajn tree can be monotone normal. This is also an easy consequence of Property δ and the Pressing-Down Lemma, as shown in [9] .
The following concept will be used to give us yet more conditions equivalent to monotone normality. As will become clear (Theorem 2.13), it is a weakening of Property δ. Definition 2.11. A tree T has Property β if there is a function f : T → ω such that if f (s) = f (t) = f (u) and s < t and s < u, then t and u are comparable.
Lemma 2.12. Let T be a tree. The following are equivalent for a function f : T → ω:
(1) f witnesses Property β.
(2) For each n ∈ ω, and each minimal member s of f ← {n}, the set of all members of f ← {n} above s is a chain.
Proof.
Assuming (1), we define the following equivalence relation on T : x ∼ = y if f (x) = f (y) and x, y are comparable. Reflexivity and symmetry are obvious, and transitivity follows easily from the condition imposed by Property β. This relation partitions each point-inverse into a union of chains, and the set of minimal elements of each chain in a given point-inverse constitutes an antichain of T . Conversely, if (2) is satisfied, and f (s) = f (t) = f (u) = n and s < t and s < u, then all three elements are above the same minimal member of f ← {n} and so they are all comparable.
Property β was introduced by Baumgartner, who tried to transfer the term "special" [3] to it. His usage does not seem to have caught on, however. In light of the following theorem, a good alternative term for trees with Property β is "σ -orderable": Theorem 2.13. The following are equivalent for a tree T :
(1) T has Property β.
(2) T is a countable union of closed convex subspaces, each of which has Property δ. (3) T is a countable union of closed subspaces, each of which is orderable.
(1) ⇒ (2) Let f be as in Property β, and let ∼ = be defined as in the proof of Lemma 2.12. Since the set of minimal members of the various equivalence classes in each point-inverse forms an antichain, it follows that
is a closed subset of T . Each of the cl T (E) involved in this union is a chain. Now let C n be the convex hull of K n ; because K n has such a simple structure, C n is the union of the convex hulls of the individual sets cl T (E) and is thus the union of a discrete collection of convex chains of T whose set of minimal members is an antichain; and so each C n has Property δ by Theorem 2.8.
(2) implies (3) by Theorem 2.8, so we will be done when we show (3) implies (1). In a closed subspace, the interval topology is the same as the relative topology, so by Theorem 2.8, (3) implies T = {K n : n ∈ ω} where each K n is the union of a discrete collection of closed chains in T . The minimal members of these chains for a fixed K n then form a closed discrete subspace, which is the union of countably many antichains {A(m, n): m, n ∈ ω 2 } by Theorem 1.8. Each t ∈ T is above a unique member of a unique A(m, n), and we can define g : T → ω 2 to be the function taking t to m, n . Let f : T → ω be the composition of g with a bijection from ω 2 to ω. Theorem 2.14. The following are equivalent for a tree T :
(1) T is monotone normal. (2) ⇒ (1) Let f be a function as in Definition 2.11, with the property that each equivalence class wrt ∼ = in each f ← {n} is a convex chain closed in T ; this can be arranged by running through the procedure in the proof of Theorem 2.13. Let A n be the set of minimal members of f ← {n}; in other words, A n is the set of minimal members of each ∼ =-equivalence class in f ← {n}. Note that each equivalence class is of the form
By the scwH property, let {[f n (a), a]: a ∈ A n } be an expansion of A n into a discrete family of clopen intervals whose greatest members are in A n , and whose minimum members are isolated in T . Then
is a discrete family of clopen convex sets. Letting
we get a partition of T into the clopen sets K n , each of which is homeomorphic to a topological direct sum of ordinal spaces, and hence so is T itself.
(2) trivially implies (3), and so it only remains to show that every cwH tree with Property β is strongly cwH. We begin the proof by defining f, A n , and C n as above, and letting {[f n (a), a]: a ∈ A n } be a disjoint collection of clopen intervals which need not be discrete. It is enough to show that every antichain expands to a discrete collection of open sets. Given an antichain A, we may assume that A = A 0 = f ← {0}, and our goal is to give A 0 a discrete expansion. We will also assume that, for a fixed n, either A n = f ← {n} or every C n (a) consists of more than one element. For each n ∈ ω, let B n be the (discrete, clopen) antichain of immediate successors of members of f ← {n}.
Let ϕ : ω → ω 2 \ be a bijection, where , as usual, denotes the diagonal, and letting ϕ(0) = 0, 1 . Let 
and let
If a ∈ T n+1 , let g(a) be the maximum element of involved. Then {g(a): a ∈ S n+1 } is a finite union of antichains, and {[g(a)
, a]: a ∈ S n+1 } is a discrete collection of clopen sets. Case 2. ϕ(n + 1) = k, j for some j with k = 0. In this case, we let
and proceed as in Case 1, as though T n+1 = S n+1 there. When the induction is finished for all n ∈ ω, then K 0 = T \ ∞ n=0 W n is a set of isolated points. Let K 1 = W 0 , and let K n+1 = W n \ W n−1 for n > 0; then {K n : n ∈ ω} is a partition of T into clopen sets.
Since
is a discrete collection of clopen sets, as desired.
Metrization under Martin's Axiom and other axioms
In this section, we use MA ω 1 and some other axioms with similar consequences to get stronger metrization theorems than Theorem 1.13.
Theorem 3.1. If MA ω 1 , then a tree is metrizable if, and only if, it is cwH and has no uncountable branches.
Proof. The forward implication is clear, so let T be a cwH tree with no uncountable branches. MA ω 1 implies that if T of cardinality ω 1 and has no uncountable branches, then T is special [5] . Since T is cwH and has ℵ 1 levels, and each level is closed discrete, a chaining argument like that used in Theorem 1.13 shows that T is the topological direct sum of convex clopen subtrees of cardinality ℵ 1 , and so it is σ -discrete by Theorem 1.8. A second application of Theorem 1.8 shows that T is special. Hence by Theorem 1.13, it is metrizable.
The application of MA ω 1 in the foregoing proof also holds if any number of random reals are added in the canonical way (i.e., all at once, by the appropriate measure algebra, rather than iteratively) to a model of MA ω 1 [16] . It also holds under the following axiom. For every countable-covering ideal J on a set X of cardinality ℵ 1 , either (1) there is an uncountable A ⊂ X such that every countable subset of A is in J , or (2) X can be decomposed into countably many sets S n (n < ω) such that S n ∩ J is finite for every n ∈ ω and every J ∈ J .
This axiom is a consequence of MA + TOP, which in turn follow from PFA. In fact, "Axiom 0 * " of [19] simply has "ω 1 -generated" where ( ‡) has "countable-covering"; and it is easy to see that every countable-covering ideal on a set of cardinality ω 1 has a generating set of ω 1 or fewer members. In [19] it is shown that "Axiom 0 * " follows from MA + TOP. It would be very interesting to know whether ( ‡) is compatible with CH. One easy consequence of it is the axiom that every Aronszajn tree is special. More general results for trees follow by way of the following concept.
Definition 3.3.
A space is ω-fair if every countable subset has countable closure.
Theorem 3.4. If ( ‡), then every ω-fair tree of cardinality ℵ 1 either has an uncountable branch or is a countable union of antichains.
Proof. Let T be an ω-fair tree of cardinality ℵ 1 . If T has no uncountable chains, thent is countable for all t ∈ T . Let J be the ideal of all subsets of T generated by the setst. In other words, J ∈ J iff J is a subset of the union of finitely many sets of the formt .
Let Q be a countable subset of T . Let {J Q n : n ∈ ω} list the collection of finite unions of sets of the formr such that r ∈ Q. Then if t ∈ T and t ∩ Q is nonempty, it has a greatest element r, and t ∩ Q ⊂r. From this it easily follows that J is countable-covering.
If (1) in the definition of ( ‡) holds, then every antichain of A is finite, and so the partition relation ω 1 → (ω 1 , ω) 2 (cf. [20] ) implies A has an uncountable chain. If (2) holds, then each S n is a countable union of antichains, and hence so is T .
Aronszajn trees and, more generally, ω 1 -trees are ω-fair, so one corollary of Theorem 3.4 is that Aronszajn trees are special if ( ‡). Here is another: Corollary 3.5. If ( ‡), then every cwH tree with no uncountable chains is metrizable.
Proof. As we saw in the proof of Theorem 3.1., every cwH tree of height ℵ 1 is the topological direct sum of subtrees of cardinality ℵ 1 . Also, every cwH tree is ω-fair, because every countable subset of a tree has a closure which is a countable union of antichains, and a separable cwH space cannot contain an uncountable closed discrete subspace. Now apply Theorem 3.4.
Eisworth [6] has recently shown the following weakening of ( ‡) to be compatible with CH:
CC 12 For every countable-covering ideal J on a stationary subset S of ω 1 , either (1) there is an uncountable A ⊂ S such that every countable subset of A is in J , or (2 − ) S has a stationary subset S such that S ∩ J is finite for all J ∈ J .
In [6] it will be shown that CC 12 still implies the conclusion of Corollary 3.5 in a roundabout way. Thus it is consistent with CH that every cwH tree with no uncountable chains is metrizable. On the other hand, we do not know whether the conclusion of Theorem 3.4 is compatible with CH. In [6] , we raise the question whether CC 13 is compatible with CH, where CC 13 is the strengthening of CC 12 that has "club" wherever CC 12 has "stationary", and we show: 
Getting by with ZF or ZF + Countable AC
This section goes to the opposite extreme from the preceding one, and explores what can be achieved without AC. We begin with some remarks on the results of Section 2, then discuss Theorem 1.13.
The equivalence of (1) through (5) in the characterization of monotone normal trees (Theorem 2.8) used only ZF; in particular, one does not need AC to show that a wellordered set is order-isomorphic (hence homeomorphic) to an ordinal. Theorem 2.14 also goes through if we replace "orderable" with "monotone normal" or any of its characterizations in (1) through (5) in Theorem 2.8. Of course, orderability of spaces satisfying (5) of Theorem 2.8 relied strongly on being able to totally order any set, an axiom almost as strong as AC. On the other hand, Theorem 2.14 goes through if we assume ZF + Countable AC, the only use of Countable AC being the choice of which disjoint open expansion of each A n to utilize.
There is a slightly hidden problem with making Corollary 2.9 go through: the use of of a strong form of AC seems unavoidable in showing that the topological direct sum of metrizable spaces is metrizable. There would be no problem if we could put "metric" in place of "metrizable", but Theorem 2.8 does not give us an explicit metric; we are forced to choose one of perhaps uncountably many possible metrics for each summand. A similar interesting contrast is provided by the following pair of examples. β. This example is obviously special and also obviously metrizable if one assumes ZFC, but in showing these things one is, in effect, choosing separate injections from each "trunk" (column) { ξ, α : α ξ } to ω and separate metrics on each "trunk" to put them together.
On the other hand, the following superficially similar example is easily shown to be special in ZF:
Although from a ZFC perspective X is just T with most of its columns repeated uncountably many times, it is trivial to show X is special in ZF: let ϕ : X → ω be given by ϕ(f, α) = f (α). Also, ZF implies X is metrizable, as our next theorem shows: Theorem 4.3. ZF is enough to imply that monotone normal special trees are metrizable.
Proof. Let T = {A n : n ∈ ω} where each A n is an antichain. The ZF proof that (1) implies (2) in Theorem 1.13 explicitly produces families {U n (d): d ∈ A n } of expansions of each A n into a discrete family of open sets U n (d), given only A n and the tree T . We can refine these expansions by defining f n (d) to be the least member ofd such that
} is a family of disjoint compact, countable clopen sets whose union W n is clopen. We can refine {W n : n ∈ ω} to a partition of clopen sets in the usual way: let P n = W n \ {W i : i < n}. Then each point t ∈ T will be in a unique P n , and t will be in a unique set
] breaking up into a finite family of clopen intervals C n (d) and the union C of all these families is a partition of T into countable, compact, open intervals of T . Now we will use the A n to further refine C and so give us a sequence of partitions, each refining the previous one, giving a base for a metrizable topology. Let C 0 = C and suppose C n has been defined to be a partition of T into clopen intervals. Each C ∈ C n contains at most one point of A n . If it contains none, then C ∈ C n+1 ; on the other hand, if a ∈ C ∩ A n , then we put C ∩â and C \â in C n+1 ; of course, it may be that a is the maximum member of C and so one of these sets is empty, but in any event they are clopen intervals.
It is easy to see that {C n : n ∈ ω} is a base for the topology of T , and we can define a compatible metric in the usual way: for each pair of distinct points {s, t} we let ρ(s, t) = 2 n where n is the least integer such that s and t are in distinct members of C n . This not only gives a metric, it gives one satisfying the strong triangle inequality ρ (x, y) max{ρ(x, z), ρ(z, y) }.
The foregoing proof works also for strongly cwH trees, with this important difference: the U n (d) are not defined but are merely given to us by the fact of each antichain being expandable to a discrete family of clopen sets. Since we must choose such an expansion for each antichain A n , it is clear that the countable AC is involved here. This is the only use of an AC variant in the proof, and we can weaken "scwH" to "cwH" thanks to Theorem 2.14, which again uses only countable AC, so we have: Corollary 4.4. ZF + Countable AC is enough to imply that every cwH special tree is metrizable.
Monotone normality of some normal or cwH trees under special axioms
In this section, we return to the realm of ZFC-independent axioms, and even visit the realm of large cardinals, to get some partial results on: Problem 5.1. Is it consistent that every (a) normal or (b) every collectionwise normal or (c) collectionwise Hausdorff tree is monotone normal?
These problems are worded this way because it follows quickly from Theorem 1.10 that every Souslin tree is cwH, and it is well known that they are even collectionwise normal; yet, as remarked after Example 2.10, no Aronszajn tree can be monotone normal. Also, MA ω 1 implies all Aronszajn trees are normal (cf. [20] ).
To date, I have not been able to improve on any of the theorems of this paper by strengthening "cwH" to "collectionwise normal", so the following discussion is centered on Problem 5.1(a) and (c), in reverse order. We begin with a ZFC result essentially due to Baumgartner [3] , but we give a more streamlined proof here. Proof. Let {B ξ : ξ < κ} list the uncountable branches of T bijectively, where κ ω 1 . Note that for each ξ < ω 1 , there exists α ω 1 such that the singletons B η ∩ T (α) are distinct for all η ξ . Accordingly, we can use transfinite induction to pick a tail (that is, a cofinal convex subset) C ξ of B ξ for each ξ < κ, in such a way that if η < ξ, then min C ξ / ∈ C η . Let S 0 = T \ {C ξ : ξ < κ}. Then S 0 has no uncountable branches since any uncountable branch of any subtree of T meets some C ξ in a cofinal set. Also, if we let S 1 = {min C ξ : ξ < ω 1 }, then S 1 has no uncountable branches either. Hence S 0 and S 1 are special. Let S 1 = {A n : n ∈ ω} where the A n are disjoint antichains. Each t ∈ T \ S 0 is above a unique element of a unique A n . Letting f (t) = 2n in this case, we extend f so that S 0 is taken to the odd natural numbers and f ← {2n + 1} is an antichain for all n. Now Lemma 2.12 insures that f witnesses Property β.
Next we have a statement that holds for κ = ω 2 in some models of ZFC but not others. (1) Every cwH tree of height < κ is monotone normal.
(2) Every cwH tree of cardinality < κ is monotone normal.
Proof. Since cardinality height, (1) implies (2) . Conversely, a chaining argument like that in the proof of Theorem 1.13 allows us to partition the space into clopen subsets of cardinality < κ if κ is regular and ht(T ) < κ. If λ is singular and (2) holds for λ then (1) holds for all regular κ < λ and so it holds for κ = λ also. Of course, the full binary tree of height ω 1 is a weak Kurepa tree under CH. It takes the consistency of inaccessible cardinals to destroy all Kurepa trees, but if it is consistent that there is an inaccessible cardinal, it is even consistent that there are no weak Kurepa trees [3] .
Lemma 5.5. The following are equivalent:
(1) KH. (2) There is an ω-fair weak Kurepa tree.
Proof.
A Kurepa tree is obviously ω-fair and is obviously a weak Kurepa tree. Conversely, let T be an ω-fair weak Kurepa tree, and let ϕ : T → ω 1 be an order-preserving bijection. For each t ∈ T let f t : ϕ(t) + 1 → {0, 1} be defined by:
Then {f t : t ∈ T } is a family of functions with only countably many traces on any initial segment [0, α] of ω 1 . Also, f s ⊂ f t iffŝ ⊂t iff s t, and
is a tree when ordered by ⊂, and is easily seen to be a Kurepa tree. In particular, T ϕ is an ω 1 -tree: the set of all f t α is the αth level of the tree for each α < ω 1 , and it is countable because ϕ ← [0, α] is downwards closed and, by ω-fairness, there are only countably many possible traces of sets of the formt on it.
It may be worth noting here that T ϕ can have uncountable branches even if T does not; for example, if T is the tree of all one-element subsets of ω 1 ordered by ⊂ then T is just an antichain, but T ϕ consists of a chain of order type ω 1 with side branches of length 1 at every level. Nevertheless, the map taking t to f t is always an order-embedding of T into T ϕ .
The following theorem was essentially proven for ω 1 -trees by Todorčević: see [9] , where it was erroneously claimed it had been shown for all trees. 
If ht(T ) is a successor of an ordinal of countable cofinality, or is itself of countable cofinality, then we can use induction to show that T has Property β and then Theorem 2.14 again implies that T is monotone normal.
Finally, if ht(T ) is an ordinal α of uncountable cofinality or a successor of an ordinal α of uncountable cofinality, we pick a cofinal closed subset W of α, of order type ω 1 . Then T W is of height ω 1 or ω 1 + 1 and hence partitions into clopen (in T W ) convex chains, C ξ (ξ < κ), each of order type ω 1 , and the set of minimal points of these chains is a countable union of antichains in T W and hence in T . Let D ξ be the convex hull of C ξ for all ξ < κ, and let S = {D ξ : ξ < κ}. Since T W is closed in T , S is the union of countably many closed convex subsets of T . Now, T \ (T W ) partitions into open convex slices, each of order type < ht(T ), nested between successive levels indexed by W . We use induction on the order type of ht(T ) to partition the portion of each slice that falls outside S into relatively clopen convex chains. Now we take the closures of these chains in T ; the closures are disjoint and are clopen subsets of T itself, and contain at most one extra point at the top of each chain C whose closure we took. If cl(C) \ C is nonempty, its unique point will be the minimal point of some D ξ , and we let E ξ be the union of D ξ with C. Each D ξ will be modified in this way by at most one C, and we let E ξ = D ξ if D ξ is not modified in this way. Then {E ξ : ξ < κ} is a family of convex clopen chains of T whose union is a countable union of clopen subsets of T , and whose complement is the disjoint union of all the clopen-in-T chains C obtained in the partitioning of the slices.
A very natural question is whether large cardinals can eliminated from the above proof. It goes through without any trouble if we spell out that we want either MA ω 1 or ( ‡) or CC 13 to hold, along with the following axiom, about which it is not known whether it requires large cardinal axioms. Definition 5.7. Let Axiom T be the axiom that every ω-fair weak Kurepa tree has an Aronszajn subtree.
No cwH tree of height ω 1 or ω 1 + 1 can contain a special Aronszajn subtree, and MA ω 1 and ( ‡) and CC 13 each imply all Aronszajn subtrees are special. Because of this, Axiom T can be substituted for the failure of KH in Theorem 5.6. Unfortunately, I do not know whether Axiom T can be shown consistent with MA ω 1 , ( ‡), or CC 13 without using large cardinal axioms.
The role of these other three axioms in the proof of Theorem 5.6 is to imply every ω-fair tree of cardinality ℵ 1 is special if it has no uncountable branches. It would be interesting to know whether this axiom is strictly stronger than EATS, the axiom that every Aronszajn tree is special. In this connection a construction by my student Iwasa and myself (unpublished) using ♦ * may be of interest: using it, we constructed a cwH tree of height ω 1 with no uncountable chains and no Aronszajn subtrees, which nevertheless fails to be metrizable and hence fails to be special by Theorem 1.13.
The following theorem helps clarify the status of Axiom T. Proof. Clearly, (1) implies (2). Conversely, let T be an ω-fair weak Kurepa tree, and let T ϕ be the Kurepa tree defined in the proof of Lemma 5.5. If W is an Aronszajn subtree of T ϕ , so is W = {f ∈ T ϕ : f ⊂ w for some w ∈ W }. If S = {s ∈ T : f s ⊂ w for some w ∈ W }, then S is also Aronszajn because of the order-embedding that takes t to f t . In particular, S is uncountable because it has elements with images at arbitrarily high levels of W . Indeed, if w 1 and w 2 are incomparable members of W , then one of the immediate successors in T ϕ of their intersection is of the form f s .
In [13] a topological statement was shown equivalent to the axiom, "Every Kurepa tree has an Aronszajn subtree". So it would be good to know what its status is with respect to inaccessible cardinals. Problem 5.9. Is it consistent, even modulo large cardinals, that every cwH tree of height ω 2 is monotone normal?
Even the case where T is of height ω 2 and has no chains of cardinality ω 2 seems to pose fundamentally new problems.
Finally, we turn to the other two parts of Problem 5.1. Since monotone normal trees are strongly cwH, affirmative answers to Problem 5.1(a) and various special cases require models where the appropriate normal trees are cwH. The following theorem, essentially due to Hart [9, The existence of a normal tree that is not cwH is ZFC-independent. No such tree exists if V = L, because then every normal locally compact space is cwH [22] , but they exist under MA ω 1 ; because then there is a Q-set, and then the ω 1 -Cantor tree based on this set is a separable normal uncountable tree [20] and hence not ω-fair. Other examples of axioms under which there are normal non-cwH trees are given in [18] .
As we have seen, a Souslin tree is a collectionwise normal tree which is not monotone normal. On the other hand, we can go all the way from normality to metrizability for "small enough" trees in some models of set theory: Proof. In M, every first countable normal space of cardinality ℵ 1 is collectionwise Hausdorff [8] , and if strongly compactly many random reals are added, then every first countable normal space is collectionwise normal [17, 8] . Now apply Theorem 3.1 and the subsequent remark.
We also have a result like Theorem 5.6 for normal trees if we specify the ground model more carefully. Proof. For the first statement, let M 1 be a model of Chang's Conjecture. Use ccc forcing to obtain a model M 2 of MA(ω 1 ), and proceed to obtain a model M as in Theorem 5.11. Since the canonical forcing for adding random reals is ccc, and since Chang's Conjecture is preserved by ccc forcing, there are no Kurepa trees in the resulting model [14, p. 212 ], and we can proceed as in the proof of Theorem 5.6, making use of Theorem 5.11.
For the second statement, we can make use of the fact [14, p. 212 ] that Chang's Conjecture is consistent if a Ramsey cardinal is consistent, as follows: begin with a model M 0 with a strongly compact cardinal κ, and force with the poset Q described in [14, p. 213] that uses the smallest Ramsey cardinal λ to get a model M 1 of Chang's Conjecture. Since |Q| M 0 = λ < κ, the strongly compact cardinal κ remains strongly compact in the forcing extension M 1 [11, Lemma 37 .1], and it also remains strongly compact if we subsequently force using a ccc poset of cardinality (2 ℵ 1 ) M 1 to obtain a model of MA(ω 1 ). Now proceed as before, adding κ random reals.
A drawback of Theorem 5.12 is that even the first statement requires quite a large cardinal hypothesis: Chang's Conjecture implies 0 # exists [11, p. 396] . The following question is aimed at reducing the large cardinals needed. If the answer to all parts is negative, it would still be enough to find a model of Axiom T, obtained using only the consistency of ZFC, in which Axiom T is preserved under ccc forcing, to reduce the large cardinal hypothesis in the first part of Theorem 5.12. It would also be enough if M satisfied "Axiom T + every ω-fair tree is either special or contains an uncountable branch" along with Axiom T being preserved in random real forcing extensions of M.
